In this note we introduce and investigate the concepts of dual entwining structures and dual entwined modules. This generalizes the concepts of dual Doi-Koppinen structures and dual Doi-Koppinen modules introduced (in the infinite case over rings) by the author is his dissertation.
Introduction
This note deals with the following problem: let (A, C, ψ) be a given entwining structure over a commutative base ring R. Find an R-subalgebra A ⊆ C * and an R-coalgebra C ⊆ A * , such that ( A, C, ψ * ) is an entwining structure. For general entwining structures, it's not clear if such a dual entwining structure exists. However, once it's found, we have the expected duality theorems between the corresponding categories of entwined modules. For the special case of Doi-Koppinen structures over noetherian rings, the problem was solved by the author in his dissertation. Our results are formulated for right-right entwining structures. Corresponding versions for left-left, rightleft and left-right entwining structures can be derived easily using the left-right dictionary (e.g. [CMZ02] ).
The paper consists of three sections. In the first section, we give the necessary definitions and results from the theory of Hopf algebras and entwining structures. In the second section we present and investigate the concepts of dual entwining structures and dual entwined modules. The third sections is an extended version of [Abu01, Paragraph 3.4] formulated for right-right Doi-Koppinen structures. Our results in the third section generalize also those achieved independently by L. Zhang [Zha98] on dual relative Hopf modules in the case of a commutative base field.
Throughout this paper R denotes a commutative ring with 1 R = 0 R . The category of R-(bi)modules will be denoted by M R . For an R-coalgebra (C, ∆ C , ε C ) and an R-algebra (A, µ A , η A ) we consider Hom R (C, A) as an R-algebra with the so called convolution product (f ⋆g)(c) := f (c 1 )g(c 2 ) and unity η A •ε C . For an R-algebra A and an A-module M, an Asubmodule N ⊂ M will be called R-cofinite, if M/N is f.g. in M R . We call an R-submodule K ⊆ M pure (in the sense of Cohn), if the canonical map ι K ⊗ id N : K ⊗ R N → M ⊗ R N is injective for every R-module N.
Preliminaries
In this section we give some definitions and Lemmata from the theory of Hopf Algebras and Entwining Structures.
Measuring R-pairings.
If C is an R-coalgebra and A is an R-algebra with a morphism of R-algebras κ : A → C * , a → [c →< a, c >], then we call P := (A, C) a measuring R-pairing. In this case C is an A-bimodule through a ⇀ c := c 1 < a, c 2 > and c ↼ a := < a, c 1 > c 2 for all a ∈ A, c ∈ C. The category of measuring R-pairings and morphisms described above will be denoted by P m .
1.2. The α-condition. Let P = (A, C) be a measuring R-pairing. We say P satisfies the α-condition (or P is a measuring α-pairing), if for every R-module M the following map is injective:
With P α m ⊂ P m we denote the full subcategory of measuring α-pairings. We say an R-coalgebra C satisfies the α-condition, if (C * , C) satisfies the α-condition (equivalently, if R C is locally projective in the sense of B. Zimmermann-Huignes [Z-H76, Theorem 2.1], [Gar76, Theorem 3.2]).
1.3. Subgenerators. Let A be an R-algebra and K an A-module. We say an A-module N is K-subgenerated, if N is isomorphic to a submodule of a K-generated A-module (equivalently, if N is Kernel of K-generated A-modules). The full subcategory of A-modules, whose objects are the K-subgenerated A-modules is denoted by σ[K]. Moreover σ[K] is the smallest Grothendieck full subcategory of the category of A-modules that contains K. The reader is referred to [Wis88] for the well developed theory of categories of this type. 
Rational Modules
1.4. Let P = (A, C) a measuring α-pairing. Let M be a left (a right) A-module, ρ M : M → Hom R (A, M) the canonical A-linear map and put Rat C ( A M) := ρ −1 M (M ⊗ R C) (resp. C Rat(M A ) := ρ −1 M (C ⊗ R M)). We call A M (resp. M A ) C-rational, if Rat C ( A M) = M (resp. C Rat(M A ) = M). If M is an A-bimodule, then we set C Rat C ( A M A ) = Rat C ( A M)∩ C Rat(M A ) and call M C-birational, if C Rat C ( A M A ) = M.1. Rat C ( A M) ⊂ M (resp. C Rat(M A ) ⊂ M) is an A-submodule.
For every
A-submodule N ⊂ M, it follows that Rat C ( A N) = N ∩ Rat C ( A M) (resp. C Rat(N A ) = N∩ C Rat(M A )). 3. Rat C (Rat C ( A M)) = Rat C ( A M) (resp. C Rat( C Rat(M A )) = C Rat(M A )).
For a (resp. a right) A-module L and an
Notation. For a measuring α-pairing (A, C) we denote with Rat
the full subcategory of C-rational left Amodules (resp. C-rational right A-modules, C-birational A-bimodules). 2. R C is locally projective and κ P (A) ⊆ C * is dense (w.r.t. the finite topology). 1. Set P ⊗ P := (A ⊗ R A, C ⊗ R C) and assume that C ⊗ R C * as an A-bimodule through the left and the right regular A-action (af )(b) = f (ba) and (f a)(b) = f (ab). We define the finite dual of A as the R-module
If these equivalent conditions are satisfied, then we have isomorphisms of categories
An R-algebra (resp. an R-bialgebra, a Hopf R-algebra) A with A • ⊂ R A pure will be called an α-algebra (an α-bialgebra, a Hopf α-algebra). For every α-algebra (resp. α-bialgebra, Hopf α-algebra) A, the finite dual A
• becomes a locally projective R-coalgebra (resp. Rbialgebra, Hopf R-algebra). If A is an α-algebra and C ⊆ A
• is an R-subcoalgebra, then (A, C) is a measuring α-pairing. For α-algebras (resp. α-bialgebra, Hopf α-algebras) A, B and a morphism of R-algebras (resp. R-bialgebras, Hopf R-algebras) f : A → B, it follows directly from Lemma 1.7 that the restriction of f * : B * → A * to B
• induces a morphism of R-coalgebras (resp. R-bialgebras, Hopf R-algebras) f
, then the following induced canonical map is injective:
Entwined modules 1.10. A right-right entwining structure (A, C, ψ) consists of an R-algebra (A, µ A , η A ), an R-coalgebra (C, ∆ C , ε C ) and an R-linear map
Let (A, C, ψ) and (B, D, Ψ) be right-right entwining structures. A morphism (γ, δ) : (A, C, ψ) → (B, D, Ψ) consists of an R-algebra morphism γ : A → B and an R-coalgebra
With E
•
• we denote the category of right-right entwining structures. For definitions of the categories of left-left, right-left and left-right entwining structures the interested reader may refer to [CMZ02] .
1.11. Let (A, C, ψ) be a right-right entwining structure. An entwined module corresponding to (A, C, ψ) is a right A-module M, which is also a right C-comodule, such that
For entwined modules M, N corresponding to (A, C, ψ) we denote with Hom Lemma 1.12. Let (A, C, ψ) be a right-right entwining structure over R and set C := A ⊗ R C.
1.
C is an A-coring with A-bimodules structure given by
comultiplication
and counity
is an A-ring with A-bimodule structure given by (af )(c) :
and unity η A • ε C .
3. Consider * C := Hom A− (C, A) as an A-ring with the canonical A-bimodule structure, multiplication
Proof.
1. This was noticed first by M. Takeuchi and can be found in several references (e.g. [Brz02, Proposition 2.2.]).
For all
It's clear then that the left and the right A-actions given above define on # op ψ (C, A) a structure of an A-bimodule. Moreover we have for all f, g, h ∈ Hom R (C, A) and c ∈ C :
3. Note that ν is given by the canonical isomorphisms
For all a ∈ A, f ∈ # op ψ (C, A) and c ∈ C we have
It is obvious that ν is right A-linear. For all f, g ∈ # op ψ (C, A), a ∈ A and c ∈ C we have
Consequently ν is an isomorphism of A-rings.
1.13. Let (A, C, ψ) be a right-right entwining structure over R and consider the corresponding A-coring C := A ⊗ R C. We say that (A, C, ψ) satisfies the α-condition (or is an α-entwining structure) if for every right A-module M, the following map is injective
(equivalently if A C is locally projective).
Inspired by [Doi94, 3.1] we introduce Definition 1.14. Let (A, C, ψ) be a right-right entwining structure that satisfies the α- 2. If R C is locally projective (resp. f.g. projective), then A C is locally projective (resp. f.g. projective) and
2 Dual entwined modules
In this section we fix the following: R is noetherian, (A, C, ψ) is a right-right entwining structure with A an α-algebra and A ⊆ C * is an R-subalgebra with ε C ∈ A, C ⊆ A • is an Rsubcoalgebra. So we have a measuring R-pairing ( A, C) and a measuring α-pairing (A, C).
Besides the above technical assumptions we assume moreover that ψ
can be completed commutatively with an R-linear morphism
) is a right-right entwining structure and we have isomorphisms of categories
If moreover R C is f.g. projective, then
Proof. Let f ∈ C, g, h ∈ A, c ∈ C and a, b ∈ A be arbitrary. Then we have
On the other hand we have
Hence ( A, C, ϕ) is a right-right entwining structure. Since (A, C) is a measuring α-pairings, it follows by Theorem 1.6 that R C is locally projective. The isomorphisms of categories 9 and 10 follow then by Theorem 1.15. 
Proof.
1. Let M ∈ M C A (ψ). Since (A, C) is a measuring α-pairing, M r := Rat C ( A M * ) is by Theorem 1.6 a right C-comodule. Moreover we have for all a ∈ A, g ∈ A, m ∈ M and h ∈ M r :
The second statement follows now by Lemma 1.5 (4) and Theorem 1.6.
Let
is by Theorem 1.6 a right C-comodule. Moreover we have for all a ∈ A, g ∈ A, k ∈ K and f ∈ K r :
As in (1), the second statement follows by Lemma 1.5 (4) and Theorem 1.6. Definition 2.3. With the notation and assumptions above kept, we call the right-right entwining structure ( A, C, ϕ) a dual entwining structure of (A, C, ψ). We also call M r (resp. K r ) a dual entwined module of M (resp. of K).
Theorem 2.4. Assume that ( A, C) satisfies the α-condition. Then we have right adjoint contravariant functors
(ϕ) and consider the canonical R-linear maps
r by Lemma 1.5 (4). It's easy then to see that the right-adjointness is given by the functorial inverse isomorphisms 
3 Dual Doi-Koppinen modules 
Dual module (co)algebras & comodule (co)algebras
Before we present our dual Doi-Koppinen modules we introduce some definitions and results concerning duality of (co)module (co)algebras.
Definition 3.1. Let H be an R-bialgebra.
1.
A right H-module algebra is an R-algebra (A, µ A , η A ) with a right H-module structure through φ A : A ⊗ R H → A, such that µ A and η A are H-linear, i.e.
(ab)h = (ah 1 )(bh 2 ) and 1 A h = ε H (h)1 A for all a, b ∈ A and h ∈ H.
Analog we define a left H-module algebra. An H-bimodule algebra, is a left and a right H-module algebra, such that A is an H-bimodule with the given left and right H-actions.
2.
A right H-module coalgebra is an R-coalgebra (C, ∆ C , ε C ) with a right H-module structure through φ C : C ⊗ R H → C, such that ∆ C and ε C are H-linear (equivalently, φ C is an R-coalgebra morphism), i.e.
∆ C (ch) = c 1 h 1 ⊗ c 2 h 2 and ε C (ch) = ε C (c)ε H (h) for all c ∈ C and h ∈ H. (12) Analog we define a left H-module coalgebra. An H-bimodule coalgebra, is a left and a right H-module coalgebra, which is an H-bimodule with the given left and right H-actions.
3.
A right H-comodule algebra is an R-algebra (A, µ A , η A ) with a right H-comodule structure through ̺ A : A → A ⊗ R H, such that µ A and η A are H-colinear (equivalently, ̺ A is an R-algebra morphism), i.e.
Analog we define a left H-comodule algebra. An H-bicomodule algebra is an left and right H-comodule algebra, which is an H-bicomodule under the given left and right H-coactions.
4.
A right H-comodule coalgebra is an R-coalgebra (C, ∆ C , ε C ) with a right H-comodule structure through ̺ C : C → C ⊗ R H, such that ∆ C and ε C are H-colinear, i.e.
Analog we define a left H-comodule coalgebra. An H-bicomodule coalgebra is a left and a right H-comodule coalgebra, which is an H-bicomodule with the given left and right H-coactions.
Lemma 3.2. Let R be noetherian and H an R-bialgebra. If A is a right (resp. a left) Hmodule algebra, then
Proof. Let A be a right H-module algebra. If f ∈ A • , then we have for all h ∈ H and a, b ∈ A :
then a similar argument shows that A
• ⊂ A * is a right H-submodule. The last statement is obvious. Proposition 3.3. Let R be noetherian, H an α-bialgebra and U ⊆ H
• an R-subbialgebra.
Consider the measuring R-pairing (U, H). If A is a right (a left) H-comodule algebra, then A is a left (a right) U-module algebra and A
• is a right (a left) U-module coalgebra. If A is an H-bicomodule algebra, then A is a U-bimodule algebra and A
• is a U-bimodule coalgebra.
Consider the measuring α-pairing (H, U). (a) If A is a right (a left) U-comodule algebra, then A is a left (a right) H-module
algebra. If A is a U-bicomodule algebra, then A is an H-bimodule algebra.
Proof. 1. W.l.o.g. assume that A is a right H-comodule algebra through an R-algebra morphism ̺ : A → A ⊗ R H. For all a, b ∈ A and f ∈ U we have
and moreover
Hence A is a left U-module algebra.
Consider now the canonical R-linear map ̟ :
• ⊗ R U) are measuring α-parings and we have a morphism of R-pairings
* and it follows from the assumption and Lemma
• is a right U-module coalgebra. If A is an H-bicomodule, then A is a U-bimodule by Theorem 1.6 and A
• ⊆ A * is a U-subbimodule by Lemma 3.2, hence A is a U-bimodule algebra and A
• is a U-bimodule algebra.
Consider the measuring α-pairing (H, U).
(a) W.l.o.g. let A be a right U-comodule algebra. Then we have for all h ∈ H and a, b ∈ A :
i.e. A is a left H-module algebra. If A is a U-bicomodule algebra, then A is by Theorem 1.6 an H-bimodule, hence an H-bimodule algebra.
(b) Assume now that A is a left H-module algebra. Then we have for all a, b ∈ Rat U ( H A) and h ∈ H :
is by Theorem 1.6 a U-bicomodule, hence a U-bicomodule algebra.
Proposition 3.4. Let R be noetherian, H an α-bialgebra and U ⊆ H
Consider the measuring α-pairing
bra, then C is a left (a right) U-module coalgebra and C * is a right (a left) U-module algebra. If C is an H-bicomodule coalgebra, then C is a U-bimodule coalgebra and C * is a U-bimodule algebra.
Proof.
1. Let C be a right H-module coalgebra. Then we have for all f, g ∈ C * , h ∈ H, c ∈ C :
i.e. C * is a left H-module algebra. By Proposition 3.3 (2-b), Rat U ( H C * ) is a right U-comodule algebra. If C is an H-bimodule coalgebra, then C * is an H-bimodule algebra and U Rat U ( H C * H ) is a U-bicomodule by Theorem 1.6, hence a U-bicomodule algebra.
2. W.l.o.g. assume that C is a right H-comodule coalgebra. For all c ∈ C, f ∈ U we have
i.e. C is a left U-module coalgebra. Analogous to (1) one can show that C * is a right U-module algebra. If C is an H-bicomodule coalgebra, then C is a U-bimodule by Theorem 1.6. Hence C is a U-bimodule coalgebra and C * is a U-bimodule algebra.
The following result generalizes ([Mon93, Example 4.1.10.]):
Corollary 3.5. Let H be an R-bialgebra and consider H * as an H-bimodule with the regular left and right H-actions. 3.4(1) ) that H * is an H-bimodule algebra. If moreover R is noetherian and H is an α-algebra, then
Since H is an H-bimodule coalgebra, it follows (by Proposition
2. Let R be noetherian, H an α-algebra and U ⊆ H
• an R-subbialgebra. Since H is an H-bicomodule algebra, it follows (by Proposition 3.3 (1)) , that H is a U-bimodule algebra. In particular H is an H
• -bimodule algebra.
Doi-Koppinen modules
3.6. A right-right Doi-Koppinen structure over R is a triple (H, A, C) consisting of an R-bialgebra H, a right H-comodule algebra A and a right H-module coalgebra C.
for all a ∈ A and c ∈ C.
The category of right-right Doi-Koppinen modules is denoted by DK 
it follows by [Brz99, Page 295] that (A, C, ψ) is a right-right entwining structure and
The duality theorems
In what follows we present for every α-bialgebra H over a noetherian ground ring R and every right H-module coalgebra (left H-module coalgebra) C a right H • -comodule Ralgebra (a left H
• -comodule algebra) C 0 , that plays an important role by the dualization process in the rest of this note. In our infinite versions of duality theorems, C 0 will play the role of C * in the finite versions (e.g. [Yok82] ).
Definition 3.8. Let R be noetherian, H an α-bialgebra and consider the measuring α-pairing (H, H • ). For every right (resp. left) H-module coalgebra C we have by Proposition 3.4 (1) the right (resp. the left) H
• -comodule algebra
In view of 1.8 and Propositions 3.3, 3.4 we get Theorem 3.9. Let R be noetherian.
Let (H, A, C) be a right-right Doi-Koppinen structure and assume that
is a dual right-right Doi-Koppinen structure of (H, A, C) and we have isomorphism of categories
If moreover R A is f.g. projective, then
As a corollary of Theorem 2.4 we get the following 
There is a contravariant functor
2. If P := (C 0 , C) satisfies the α-condition (equivalently R C is locally projective and C 0 ⊂ C * is dense), then there is a contravariant functor
Moreover the contravariant functors (−) 0 and (−) ♦ are right adjoint.
Definition 3.11. We say an R-algebra A is R-c-cogenerated, if for every R-cofinite ideal I ⊳ A, the R-module A/I is R-cogenerated.
Remark 3.12. Let R be noetherian and A an α-algebra. For every right (resp. left) A- 
Example 3.13. Let A be an R-algebra, C an R-coalgebra and consider the category of right A-modules and right C-comodules satisfying the compatibility relation
The category of such modules and A-linear C-colinear morphisms is called the category of Long dimodules, denoted by L C A , and was introduce by F. Long in [Lon74] . Considering A as a trivial R-comodule algebra and C as a trivial right R-module coalgebra we get the right-right Doi-Koppinen structure (R, A, C) and it follows that
is a dual right-right Doi-Koppinen structure of (R, A, C) and the contravariant functors (−)
Inspired by [Liu94] and in contradiction to [Abe80, Page 138 ], the following example shows that for a Hopf R-algebra H and an H-module algebra A over a field, the dual R-coalgebra A • need not be an H • -comodule coalgebra.
Counter Example 3.14. Let R be a field and H a coreflexive Hopf R-algebra with dim(H) = ∞ (e.g. the Hopf R-algebra of [Lin77, Example 5]). By Lemma 3.5 H * is a right H-module algebra. If H * • ≃ H were a right H • -comodule coalgebra, then we would have an R-cofinite ideal J ⊳ H with
But we would get then J = 0 (which contradicts the assumption dim(H) = ∞).
Remark 3.15. Let H be an R-bialgebra, A a right H-module algebra and C a right Hcomodule coalgebra. Then (H, A, C) is called a right-right alternative Doi-Koppinen structure. Such structures were introduced by P. Schauenburg in [Sch00] , who showed that with
(A, C, ψ) is a right-right entwining structure. Moreover he gave an example of such a structure that can not be derived form a Doi-Koppinen structure. The previous counter example shows that, even over base fields, (H • , C 0 , A • ) may not be a dual alternative Doi-Koppinen structure of (H, A, C).
Cleft H-Extensions
Hopf-Galois extensions were presented by S. Chase If f ∈ H • , then we have for all d ∈ D and h ∈ H : 
. Analog one can prove that (ω −1 )
• is ⋆-invertible with inverse (ω −1 )
• and π
